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Abstract. To constrain the allowed range for the axion decay constant fa or, equivalently, for
the axion mass ma, we consider the cooling of a neutron star with strong proton superfluidity
and normal (non-superfluid) neutrons inside its core and without strong magnetic field, by
analogy with the observed supernova remnant in HESS J1731-347. For this specific case, we
demonstrate that after the thermal relaxation is over, the hydrostatic structure of the neutron
star can be well described with the aid of solution of Einstein field equations, applied to a
sphere of fluid in hydrostatic equilibrium, derived by Tolman. The internal temperature of
the neutron star is calculated assuming that the cooling occurs dominantly due to production
of neutrino pairs and axions in the nn-bremsstrahlung. To impose a constraint to the axion
decay constant the fact is used that the currently observed neutron star surface temperature
does not deviate from the neutrino cooling scenario. For the KSVZ-axion model we find that
fa > 1. 9× 108 GeV, while for the DFSZ-axion model we obtain fa > 4. 7× 109 GeV.
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1 Introduction
Axions are hypothetical Nambu-Goldstone-bosons associated with the spontaneously broken
Peccei-Quinn symmetry that have been suggested as a solution of the CP-violation problem
in the strong interactions [1–3]. The scale of symmetry-breaking, which is also called the
axion decay constant fa, is left undetermined in the theory. Though axions arise as Nambu-
Goldstone bosons and thus must be fundamentally massless their interaction with gluons
induces their mixing with neutral pions. Axions thereby acquire a small mass which is
inverse proportional to the scale of symmetry-breaking. [4–7]:
ma =
z1/2
1 + z
fpimpi
fa
, (1.1)
where z = mu/md ≈ 0.56 is canonically used [8, 9], although it could vary in the range
z = 0.3 − 0.6 [10], the pion mass mpi = 135 MeV, its decay constant is fpi = 92 MeV.
Since axions are a plausible candidate for the cold dark matter of the universe, a reasonable
estimate of the axion mass ma (or, equivalently, the axion decay constant) represents much
interest.
Two types of axion models are known: the Kim-Shifman-Weinstein-Zakharov (hadronic)
– KSVZ model [11, 12], where the axion interacts only with photons and hadrons, and the
Dean-Fischler-Srednitsky-Zhitnitsky – DFSZ model [13, 14] involving the additional axion
coupling to the charged leptons. For a general review on axion physics see, e.g., [15, 16]. The
axion phenomenology, in particular in relation with the astrophysical processes, is largely
discussed in [17–22].
The axion interaction with fermions j has a derivative structure. We will focus in the
axion interaction with non-relativistic neutrons. The corresponding Hamiltonian density can
be written in the form (we use natural units, ~ = c = kB = 1):
Han = cn
2fa
δµi
(
Ψ+σˆiΨ
)
∂µa, (1.2)
where Ψ is a neutron field with mass mn, cn is a model dependent numerical coefficient, and
σˆi are the Pauli spin matrices. The combination gann = cnmn/fa plays a role of a Yukawa
coupling. For nucleons, the dimensionless couplings cn are related by generalized Goldberger-
Treiman relations to nucleon axial-vector current matrix elements. A recent determination
using lattice QCD finds [23]:
cKSVZn = −0.02(3),
cDFSZn = 0.254− 0.414 sin2 β ± 0.025,
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where cotβ is the ratio of the vacuum expectation values of the two Higgs fields in the DFSZ
model.
In order to constrain the permissible range for the axion mass ma various laboratory
experiments, as well as astrophysical arguments, are in use (see e.g. [17, 24–26]). In order
to avoid an ”overclosed universe” the Peccei-Quinn scale must obey an upper limit (a lower
limit on the axion mass). Currently [27, 28], cosmological arguments give ma > 10
−5 eV.
The most stringent upper limits on the axion mass derive from astrophysics. Strength of the
axion coupling with normal matter and radiation is bounded by the condition that stellar-
evolution lifetimes or energy-loss rates not conflict with observation. Such arguments are
normally applied to the physics of supernova explosions, where the dominant energy loss
process is the emission of neutrino pairs and axions in the nucleon bremsstrahlung. [29–32].
The requirement that stars must not lose energy too effciently by emission of axions leads to a
lower limit on the Peccei-Quinn scale fa or, equivalently, to an upper limit on the axion mass
ma. The limit from Supernova 1987A gives ma < 0.01 eV [33, 34]. The transient behavior
of the Cas A was studied in Refs. [35, 36], where axion emission was added to compensate
for the deficit of neutrino energy losses in order to reproduce the seeming1 rapid cooling of
this object reported in [39, 40]. In works [41–44] the thermal evolution of a cooling neutron
star was studied by including the axion emission in addition to neutrino energy losses. The
authors suggest the upper limits on the axion mass of order ma < 0.06−0.3 eV by comparing
the theoretical curves with the ROSAT observational data for three pulsars: PSR 1055-52,
Geminga and PSR 0656+14. Recently, even more sophisticated Markov-Chain Monte Carlo
method has been used [45] in numerical simulations of thermal evolution of the hot young
neutron star in the supernova remnant HESS J1731-347.
2 Why XMMU J1732
From observations of the X-ray spectra of neutron stars, one can obtain an estimate of
the axion parameters if one makes a preliminary conclusion that these X-rays are actually
thermal and that heating mechanisms do not work inside neutron stars. Therefore, to derive
the astrophysical restrictions to the axion coupling with nucleons it would be most convenient
to choose a neutron star observed as a central compact object that does not possess magnetic
activity and can be interpreted as a thermal emitting point-like X-ray source which does not
emit in other electromagnetic wavebands.
The most suitable to this can be considered the neutron star XMMU J173203.3–344518
(hereafter XMMU J1732) which was discovered in x-ray observations with XMM-Newton,
Chandra, Suzaku, and Swift satellites [46, 47] as a point source near the center of HESS J1731-
347 supernova remnant. This central compact object does not possess magnetic activity, such
as nonthermal (magnetospheric) radiation, and, apparently, represents a young thermally
radiating cooling neutron star. Lack of magnetospheric and accretion phenomena potentially
provides a view of the surface of the star and its (effective) temperature. XMMU J1732 is
classified as a young, age ' 27 kyr, neutron star with a high surface temperature, Teff '
2.2 × 106 K that makes it the hottest known cooling neutron star, with likely a very weak
magnetic field.
Thermal emission of XMMU J1732, can be interpreted as radiation from the entire star
surface with realistic mass and radius [48]. The cooling theory of neutron stars enables one
to explain the exceptionally high observable surface temperature of this star by assuming
1The data on Cas A rapid cooling is inconclusive, see [37, 38]
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the presence of strong proton superfluidity in the stellar core with normal (non-superfluid)
neutrons and the existence of the surface heat blanketing envelope which almost fully consists
of carbon [49, 50]. As is well known, the strong proton superfluidity suppresses all the
neutrino emitting reactions with proton participation (see e.g. [51, 52]), therefore the neutrino
cooling of the neutron star takes place dominantly due to neutrino pairs production in the
nn-bremsstrahlung reaction.
In this connection, it is appropriate to recall that in a collision of identical particles,
dipole radiation in the vector channel of weak interactions is absent and the emission of
neutrino pairs occurs only due to spin fluctuations owing to the collisions of neutrons in the
medium. The part of weak interaction responsible for this reaction in the long-wave limit2
is of the form
Hνnn = −GF gA
2
√
2
δµi
(
Ψ+σˆiΨ
)
lµ, (2.1)
where lµ = ν¯γµ (1− γ5) ν is the neutrino current, GF = 1.166 × 10−5 GeV−2 is the Fermi
coupling constant, gA ' 1.26 is the neutral-current axial-vector coupling constant of neutrons.
Since both the emission of neutrino pairs and axions are caused by fluctuations of the
spin density in the medium, the corresponding energy losses due to the reaction of nn-
bremsstrahlung differ from each other only by the coupling constants and the phase volume
of the outgoing particles.3 One can get the emissivity of neutrino pairs and axions in the
form [45, 51, 53, 54] (in ergs cm−3s−1):
Qnnν = 2.25× 1020αnnβnn
(
m∗n
mn
)4(nn
n0
)1/3
T 89 , (2.2)
and
Qnna = 3. 1× 1038g2annαnnβnn
(
m∗n
mn
)4(nn
n0
)1/3
T 69 , (2.3)
where nn is the number density of neutrons, n0 = 0.16 fm
−3 is the nuclear saturation density,
m∗n is the effective mass of a neutron. The correction factors αnn = 0.59 and βnn = 0.56 are
introduced to account for numerous effects omitted in the analysis (correlations, repulsive
part of the nucleon nucleon interaction, etc.).
To constrain the allowed range for the axion decay constant fa or, equivalently, for the
axion mass ma, we consider the cooling of a XMMU J1732 type neutron star with strong
proton superfluidity and normal (non-superfluid) neutrons inside its core and without strong
magnetic field. The hydrostatic stellar structure is basically calculated by numerical solving
the Tolman-Oppenheimer-Volkoff (TOV) equations utilizing some relevant equation of state
(EOS) [55]. The cooling curves are, however, known to be fairly independent of EOS, M , and
R for typical theoretical neutron stars (M . 1.8M, R ∼ 10− 13 km), where the direct Urca
process does not operate. The weak sensitivity of the redshifted surface temperature T∞s (t)
to variations of M and R for standard candles was first noted in [56] and later discussed in
the literature (e.g. [57] and references therein). Furthermore, as shown in [58], the profiles
of mass-energy density (ρ), relative to central values (ρc), in neutron stars for several EOSs
demonstrate the behavior similar to a simple quadratic function.
2Since the neutron matter is strongly degenerate, the neutrino momentum k ∼ T is small compared to the
neutron Fermi momentum.
3The emitted neutrinos and axions are assumed freely escaping from the star.
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In light of these arguments, we avail of the analytical solution discovered by Tolman [59]
who studied Einstein’s field equations, applied to a ball of fluid in hydrostatic equilibrium.
For the case when the mass-energy densityρ changes quadratically, i.e.
ρ = ρc[1− (r/R)2], (2.4)
the analytic solution to the general relativistic equations was found which establishes simple
analytical relations for the physical parameters of our interest that are insensitive to the
EOS. In terms of the variable x = r2/R2 and the compactness parameter β = GM/R, the
assumption ρ = ρc(1−x) results in ρc = 15β/(8piGR2). Making use of space-like coordinates
r, θ and φ, and a time-like coordinate t, such that the line element is described by the simple
form
ds2 = e2Φdt2 − eλdr2 − r2dθ2 − r2 sin2 θ dφ2, (2.5)
the solution of Einstein’s equations for this density distribution can be written as [58]:
e−λ = 1− βx(5− 3x) , e2Φ = (1− 5β/3) cos2 φ , (2.6)
P =
c4
4piR2G
[√
3βe−λ tanφ− β
2
(5− 3x)
]
, (2.7)
n =
(ρc2 + P )
mbc2
cosφ
cosφ1
, φ = (w1 − w)/2 + φ1 , (2.8)
w = log
[
x− 5/6 +
√
e−λ/(3β)
]
, φc = φ(x = 0) , (2.9)
φ1 = φ(x = 1) = arctan
√
β/[3(1− 2β)] , w1 = w(x = 1), (2.10)
where Φ(r) is the gravitation potential, P (r) is the local pressure, and n (r) is the number
density of baryons. This solution is scale-free, with the parameters β and ρc (or M and R).
For our estimates consider a neutron star with the gravitational mass M = 1.53M and
circumferential radius R = 12.04 km as is supposed to the XMMU J1732 neutron star from
observations [49, 50]. For this case the gravitational mass m(r) ≡ M (r) /M, enclosed in a
radius r, and the redshift factor exp Φ(r), defined in Eqs. (2.4) and (2.6), are shown in Fig.
1.
During the neutrino cooling stage the internal temperature of the neutron star is con-
trolled by the physical processes in its core. A thermally relaxed star has an isothermal
interior which extends from the center to the heat-blanketing envelope located in the outer
region at the matter density ρ < 1010 g cm−3. Taking into account the effects of General
Relativity (e.g., [60]), isothermality means spatially constant redshifted internal temperature
T˜ = T (r) exp(Φ(r)), (2.11)
while the local internal temperature T (r), depends on the radial coordinate r. At the neutrino
cooling stage the cooling rate can be described by the equation
dT˜
dt
= −l(T˜ ); l(T˜ ) ≡ L
∞(T˜ )
C(T˜ )
, (2.12)
where l(T˜ ) is the so-called cooling function – the ratio of the thermal energy losses per
unit time L∞(T˜ ) to the heat capacity C(T˜ ). This function is mainly determined by the
– 4 –
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Figure 1. The gravitational mass m(r) ≡ M (r) /M, enclosed in a radius r, and the redshift
factor exp Φ(r) for a netron star with the gravitational mass M = 1.53M and circumferential radius
R = 12.04 km according to Eqs. (2.6)-(2.10)
efficiency of the neutrino and axion production processes operating in the neutron star core.
We are interested in the case when the star possesses very strong proton superfluidity which
completely suppresses the modified Urca process, np, and pp bremsstrahlung so that the star
cools via the neutrino and axion emission in nn collisions, i.e.
l(T˜ ) = lν(T˜ ) + la(T˜ ) (2.13)
At any time, the total luminosity of neutrino pairs L∞ν (T˜ ) and axions L∞a (T˜ ) which can
be seen by distant observer depends on the redshifted internal temperature T˜ and is given
by the integrals over the neutron star core volume (see e.g. [57]):
L∞ν(a)(T˜ ) =
∫
dV Qnnν(a) (T (r)) exp(2Φ(r)). (2.14)
In this expression, T (r) is the local internal temperature, r is radial coordinate, and Φ(r)
is the gravitational potential that determines gravitational redshift. We designate dV the
element of proper volume determined by the appropriate metric function:
dV = 4pir2
dr√
1− rg/r
, (2.15)
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where rg = 2GM (r) ≈ 2.95M (r) /M km is the Schwarzschild radius (here G stands for
gravitation constant, and M (r) is the gravitational mass enclosed within radius r).
Inverting Eq.(2.11) we obtain at any moment of time
T (r) = T˜ exp(−Φ(r)). (2.16)
Inserting this expression into Eq. (2.2) from Eq. (2.14) we get (in erg s−1)
L∞ν (T˜ ) = 7. 434× 1019 T˜ 89
∫
dV
(
m∗n
mn
)4(nn
n0
)1/3
exp(−6Φ(r)). (2.17)
Strong proton superfluidity fully suppresses also the proton heat capacity, in this case we get
C(T˜ ) =
∫
dV cn (T, ρ) , (2.18)
where the specific heat capacity of neutrons is cn = m
∗
npFnk
2
BT/3. One can can recast this
expression to the form
cn = 1. 61× 1020m
∗
n
mn
(
nn
n0
)1/3
T9 erg K
−1cm−3. (2.19)
Using Eq. (2.16) we find
C(T˜ ) = 1. 61× 1020 T˜9
∫
dV
m∗n
mn
(
nn
n0
)1/3
exp(−Φ(r)). (2.20)
Substituting Eqs. (2.17) and (2.20) into Eq. (2.12) we obtain the neutrino cooling function
lν
(
T˜
)
= qν T˜
7 (2.21)
with
qν = 0.462
∫
dV (m∗n/mn)
4 (nn/n0)
1/3 exp(−6Φ(r))∫
dV (m∗n/mn) (nn/n0)
1/3 exp(−Φ(r))
(2.22)
The axion cooling function is the ratio of the axion luminosity L∞a (T˜ ) to the heat capacity
(2.18). Using Eq. (2.3), it can be found in the form
la
(
T˜
)
= qaT˜
5, (2.23)
where
qa = 6. 38× 1017g2ann
∫
dV (m∗n/mn)
4 (nn/n0)
1/3 exp(−4Φ(r))∫
dV (m∗n/mn) (nn/n0)
1/3 exp(−Φ(r))
. (2.24)
To evaluate qν and qa, as defined in Eqs. (2.22) and (2.24) one requires the distribution
of neutron number density and the effective mass over the radius of the neutron star’s core in
beta equilibrium. To calculate these functions we employ the Walecka-type relativistic model
of baryon matter [61], where the baryons interact via exchange of σ, ω, and ρ mesons (see
details in [62, 63]). The functions nn (r) /n0 and m
∗
n (r) /mn found in this way are shown in
Fig. 2.
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Figure 2. Number density of neutrons nn (r) in units of n0 = 0.16 fm
−3 and the neutron effective
mass m∗/mn against a distance from the center, as calculated according to σ, ω, ρ-model for a neutron
star of total mass M = 1.53M and radius R = 12.4 km.
Trivial numerical integration over the core volume employing these function gives
qν = 0.823 K
−6s−1 (2.25)
and
qa = 4.483× 1017g2nn K−4s−1. (2.26)
With making use of Eqs. (2.13), (2.21), and (2.23) the cooling equation (2.12) can be
recast to
dT˜
dt
= −qν T˜ 7 − qaT˜ 5. (2.27)
The temperature dependence of the cooling rates entering to this equation is of a power law
l = qT˜n with n = 7 for slow neutrino cooling and with n = 5 for axions which corresponds
to fast cooling process. This means that the relative contribution of axions to the total
energy losses, which is minor at high temperatures, increases with the temperature lowering.
As a result the cooling curve must deviate from the neutrino cooling scenario below some
temperature. Obviously, the corresponding internal temperature T˜a can be determined from
the condition la(T˜ ) ∼ lν(T˜ ), giving
qa ∼ qν T˜ 2a . (2.28)
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Since, according to observations, the thermal radiation of XMMU J1732 can be inter-
preted as neutrino radiation from nn-bremsstrahlung, it should be assumed that axion losses
are still relatively small in the current era, i.e. T˜ 2  T˜ 2a . Thus, the current observations in
a complex with the adopted cooling scenario allow us to conclude that
qa  qν T˜ 29 , (2.29)
where T˜9 = T˜ /10
9K is the current internal temperature of the neutron star, as it is seen by
a distant observer.
3 Observed temperature
The internal temperature, indicated in Eq. (2.29), is virtually inaccessible for direct observa-
tions. Indeed, a thermally-relaxed star has an isothermal interior that extends from the center
to a thin heat-blanketing envelope, where the main temperature gradient occurs. Following
[64] one can adopt that the isothermal region is restricted by the condition ρ > ρ (rb) = 10
10
g cm−3. According to Eq. (2.16) at the bottom of heat-blanketing envelope, r = rb, one has
Tb ≡ T (rb) = T˜ exp (−Φ(rb)). Since the heat-blanketing envelope is very thin one can put
Φ(rb) ' Φ(R), thus obtaining
T˜ = Tb
√
1− rg/R (3.1)
To relate the internal temperature of the neutron star to its surface temperature Teff ,
which is available for observations we employ the fit for Teff -Tb relation from Ref. [65] for
a carbon-iron heat blanketing envelope. In this fit, the amount of carbon in the envelope,
∆MC , is parametrized by
η ≡ g214∆MC/M, (3.2)
where M is the NS mass, and g14 is the surface gravitational acceleration, in units of 10
14 cm
s−2. The effective surface temperature of XMMU J1732, as measured by a distant observer, is
T∞s = 1.78 MK (see [49, 50]), which corresponds to the temperature at the surface Teff = 2.23
MK.
In Fig. 3, we demonstrate the temperature Tb at the bottom of heat-blanketing envelope
as a function of the relative mass of carbon accreted to the neutron star surface for fixed
temperature T∞s = 1.78 MK. At the fixed surface temperature the internal temperature,
reconstructed in this way, depends on the parameter η and varies within 0.48 × 109K >
Tb > 0.275 × 109K for the parameter η ranging from 10−16 to 10−7. This domain of the
temperature Tb corresponds to the redshifted internal temperature measured by a distant
observer within 0.22 < T˜9 < 0.38. Substituting the largest of these values into Eq. (2.29)
and using Eqs. (2.25) and (2.26), one can safely write
g2ann  2. 6× 10−19 (3.3)
This estimate can be improved if one takes into account that the upper limit of the
internal temperature T˜9 ∼ 0.38 corresponds to a very small mass of carbon in the envelope
η = 10−16, while the XMMU J1732’s soft x-ray spectrum is best characterized by a thick
carbon atmosphere model [49, 50]. A more accurate estimate of the internal temperature
of a neutron star can be made, given that under conditions where axion radiation can be
neglected, the neutrino cooling process is described by the equation
dT˜
dt
= −qν T˜ 7, (3.4)
– 8 –
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Figure 3. The temperature Tb at the bottom of heat-blanketing envelope of a neutron star of
mass M = 1.53M and radius 12.4 km for fixed temperature T∞s = 1.78 MK, as a function of the
parameter η which is proportional to the relative mass of carbon accreted to the neutron star surface.
The horizontal dashed line indicates the internal temperature, as calculated from Eqs. (2.16) and
(3.5).
which has the well-known analytic solution (e.g. [66, 67]):
T˜9 = (6qνt/T∗)−1/6 , (3.5)
where t has to be expressed in seconds. The normalization factor T∗ = 109 is introduced
to ensure the dimension of qν we used above. Assuming a neutron star age of 27 kyr '
8.516 × 1011s, from equation (3.5), we obtain T˜9 = 0.249. This temperature corresponds to
Tb = 0.312× 109K, which is shown in Fig. 3 by a horizontal line, and log η = −8.6.
– 9 –
With T˜9 = 0.249 the inequality (2.29) takes the form
g2ann  1. 1× 10−19. (3.6)
Of course, both the above estimates are the same in order of magnitude, which allows us to
conclude that
gann . 1.0× 10−10. (3.7)
Thus, for the KSVZ-axion model, where cn = 0.02, we find that fa > 1. 9 × 108 GeV, while
for the DFSZ-axion model with cn = 0.5 we obtain that fa > 4. 7× 109 GeV.
The axion mass is related to fa via
ma = 0.60 eV
107GeV
fa
(3.8)
which allows one to convert the decay constant fa to the axion mass ma. This yields
mKSVZa < 3× 10−2 eV, (3.9)
and
mDFSZa < 1. 3× 10−3 eV. (3.10)
4 Results and discussion
In the absence of fast neutrino reactions similar to the direct Urca processes, the cooling rate
of a neutron star depends on the equation of state of baryonic matter, mainly because of
the strong dependence of the superfluid energy gaps of protons and neutrons on the matter
density. This is not the case for a neutron star like XMMU J1732, which can be considered
in the limit of normal neutrons and strong proton superfluidity in the core [49, 50]. With
this in mind, we used the analytical solution of the Einstein field equations applied to the
balls of fluid in hydrostatic equilibrium, found by Tolman [59] for the case when the mass-
energy density changes quadratically (qualitatively, this is typical for many equations of state
[58]). This approach allows one to analytically describe both neutrino and axion luminosities
caused by nn-bremsstrahlung in the hot core of a neutron star. The analytically calculated
internal temperature T˜ of a neutron star of mass M = 1.53M and radius 12.4 km at the
age of 27 kyr is in excellent agreement with the current internal temperature of XMMU
J1732 obtained by simulations of its cooling by complex numerical methods in [50] and is in
a reasonable agreement with the observed surface temperature of this neutron star.
Since the strong proton superfluidity suppress all the reactions with proton partici-
pation, the cooling of the neutron star takes place dominantly due to neutrino pairs (and
axions) production in the nn-bremsstrahlung. The temperature dependence of the cooling
rates entering to the cooling equation is of a power law lν = qν T˜
7 for slow neutrino cooling
and la = qaT˜
5 for axions which corresponds to fast cooling process. This means that the
relative contribution of axions to the total energy losses increases with the temperature low-
ering. Since currently the cooling curve does not deviate from the neutrino cooling scenario
we use the condition qa  qν T˜ 2 to impose of the restriction to the axion decay constant fa,
thus obtaining g2ann  1. 1 × 10−19. For the KSVZ-axion model, where cn = 0.02, we find
that fa > 1. 9× 108 GeV, while for the DFSZ-axion model with cn = 0.5 we obtain fa > 4.
7× 109 GeV.
– 10 –
Our estimate is in agreement with the widely discussed constraint on g2ann + g
2
app .
3.6× 10−19 obtained earlier [22, 68] using the duration of the neutrino signal observed from
supernova (SN) 1987A as well as the recent estimate g2ann < 7.7 × 10−20 obtained in [45].
Our estimate is in agreement also with, g2ann < 1.6× 10−19 obtained within the KSVZ model
assuming neutrons are not paired in [42], where the cooling of three middle-aged (105−5×105
yrs) pulsars, PSR 0656 14, PSR 1055-52, and PSR 0633 1748 (“Geminga”) was considered,
which all are in the photon cooling era.
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